Abstract. In this letter, a kind of powerful analytical method, called Homotopy-perturbation method (HPM) is introduced to obtain the exact solutions for a kind of evolution equations with fractional derivatives. These initial value problems have significant importance in applied science and many field of engineering. In this method, a nonlinear complex differential equation is transformed to a series of linear and nonlinear parts, almost simpler differential equations. These sets of equations are then solved iteratively. finally, a linear series of the solutions completes the answer if the convergence is maintained. The results show that the proposed method is very efficient and convenient and can readily be applied to a large class of fractional problems.
Introduction
In recent years considerable interest in fractional differential equations (FDE) has been stimulated due to their numerous applications in the areas of physics and engineering. Recently, some promising approximate analytical solutions are proposed for solving different kinds of linear and nonlinear problems. Variational iteration method is relatively new approaches to provide analytical approximations to linear and nonlinear equations. For the first time, Ji-Huan He [1] applied VIM to fractional differential equations. Recently, Odibat and Momani [2] implemented the method to solve nonlinear ordinary differential equations of fractional order. The evolution equations arise in many modeling problems in physics and hydromechanics. In this study, He's homotopy perturbation method [3] is implemented to obtain exact analytical solution for a kind of evolution equations with fractional order. This method does not depend on a small parameter. Using homotopy technique in topology, a homotopy is constructed with an embedding parameter , which is considered as a "small parameter". HPM has been shown to effectively, easily and accurately solve a large class of linear and nonlinear problems with components converging rapidly to accurate solutions. Definition 2.1. A real function f (x), x > 0, is said to be in the space
Definition 2.3. For m to be the smallest integer that exceeds µ, the Caputo time-fractional derivative operator of order µ > 0 is defined as
For more information on the mathematical properties of fractional derivatives and integrals, one can consult the mentioned references.
Homotopy-perturbation method
In this letter, we apply the Homotopy-perturbation method to the discussed problems. To illustrate the basic ideas of the new method, we consider the following nonlinear differential equation,
with the boundary condition of:
where A is a general differential operator, B a boundary operator, f (r) a known analytical function and Γ is the boundary of the domain Ω. A(u) is defined as follows:
Homotopy-perturbation structure is shown as:
or
where,
Obviously, considering Eqs. (5) and (6) we have:
where p ∈ [0, 1] is an embedding parameter and u 0 is the first approximation that satisfies the boundary condition. The process of the changes in p from zero to unity is that of v(r, p) changing from u 0 to u r . We consider v as:
and the best approximation is:
Modified homotopy perturbation method
Recently, Shaher Momani [4] applied homotopy perturbation method to fractional differential equations. To illustrate the basic ideas of the new modification, we consider the following nonlinear differential equation of fractional order:
where L is a linear operator which might include other fractional derivatives of order less than µ, N is a nonlinear operator which also might include other fractional derivatives of order less than µ, f is a known analytic function and D µ is the Caputo fractional derivative of order µ, subject to the initial conditions
In view of the homotopy technique, we can construct the following homotopy:
Numerical example
Example 5.1. We finally consider fifth-order Kdv equation with fractional derivative.
subject to the initial condition of:
In order to solve Eq. (14) using HPM, we construct the following homotopy:
Substituting u from Eq. (9) into Eq. (16) and rearranging based on powers of p-terms, we can obtain:
. . . and therefore,
. . .
The solution of this equation, when p → 1 , will be as follows:
Substituting α = 1 into u(x, t), we finally obtain the solution as follows:
which is the exact solution of Eq.(45)
Conclusion
In this paper,the homotopy perturbation method (HPM) has been successfully applied to study a kind of the time fractional evolution equations with variable coefficients. The solution obtained by means of the homotopy perturbation method is an infinite power series with respect to appropriate initial condition, which can be,in turn,expressed in a closed form. In this work, we used the Mathematical Package to calculate the series obtained by homotopy perturbation method. The results show that homotopy perturbation method is powerful and efficient techniques in finding exact and approximate solutions for linear inhomogeneous partial differential equations of fractional order in fluid mechanics. They provide more realistic series solutions that converge very rapidly in real physical problems. The implementation of the noise terms,if exist,is a powerful tool to accelerate the convergence of the solution. The obtained results reinforce the conclusions made by many researchers about the efficiency of the HPM.
